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Abstract. This paper is concerned with obtaining solutions to the equation governing static
deformations of inhomogeneous elastic materials. The material parameters are assumed to vary
continuously with the spatial variables. A boundary element method (BEM) with analytical
integration is used to find the solutions. The results show that the BEM is feasible to be used to
find the solutions of the problems and with analytical integration the BEM gives very accurate
solutions in a shorter computation time.

1. Introduction

A wvarious classes of problems have been solved numerically using BEM. The classes of
problems include heat conduction problems, infiltration problems, deformation problems of
elastic materials, pollutant transport problems and many others. The use of BEM has also been
applied to homogeneous as well as to inhomogeneous materials, and not only to isotropic but
also to anisotropic materials. For example, [1] used the BEM for solving infiltration problems
of isotropic homogeneous media, [2] derived a fundamental solution, [3] considered diffusion-
convection problems for anisotropic homogeneous materials, [4] solved elasticity problems for
isotropic inhomogeneons materials and [5] studied elasticity problems, [6] worked on elliptic
boundary value problems, [7] solved heat conduction problems, [8] worked on elasticity problems
and [9] considered transient heat conduction problems for anisotropic inhomogeneous materials.

Apparently in the implementation of the BEM the partial differential equation which governs
the system has to be converted to a boundary integral equation. And eventually after a
discretisation of the boundary into a number of segments, integration over each segment has to
be calculated either numerically or analytically if possible. To some extent analytical integration
has of course advantages over numerical integration in the aspect of accuracy and computation
time.

In recent vears some progress has been made toward solving numerically the deformation
problem of inhomogeneous elastic materials using the BEM. The work done by [4], for example,
deals with the case of isotropic materials, whereas in [5‘ 8] considered the case for anisotropic
materials. However, in all of the papers the authors used numerical integration for finding the
BEM solutions. The current study is concerned with finding the solutions of the problems using
the BEM with analytical integration.
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2. The boundary value problem

Referred to a Cartesian frame Oxjxoxz the equilibrium equations governing small deformations
of an inhomogeneous anisotropic elastic material occupying a regionE® in R® with boundary 952
which consists of a finite number of piecewise smooth closed curves may be written in the form

17 6'Ii.k:|

— e (X)=——| =0 1

Ox; [ ikt )8.'1:; (1)
where 4,7, k,1 = 1,2,3 x = (x1,22,73), u; denotes the displacement, c,-jk;(x) the elastic

parameters and the repeated summation convention (summing from 1 to 3) is used for repeated
Latin suffices. Troughout the paper it is assumed that uy is independent of x5 and takes the
form

wp = Apflry + Ta2)
where Ay, 7 are constants and f is a twice differentiable function. The stress displacement
relations are given by

g — e a'li-k
1y — Cighkl 6-1‘)[
and the traction vector P on the boundary 92 is defined as
o 8?1-;;
P=oyn; = ikl (2)

where n = (n;, n2) denotes the outward pointing normal to the boundary Jf2.

For all points in 2 the coefficients c;jz(x) are required to satisfy the usual symmetry
conditions and also sufficient conditions for the strain energy density to be positive. This
requirement eBures that the system of partial differential equations is elliptic throughout (2.

A solution to (1) is sought which is valid in the region ) and satisfies the boundary conditions
that on 991 the displacement wy is specified and on 902 the traction F; is specified, where
9 = 98 U 08y

Reduction to a linear constant coefficients equation
The coefficients in (1) are now required to take the form

0)

cijh (%) = €lj9(%) (3)

where the cij}}\i are constants. Equation (1) thus may be written

w0 0 Dy
i T | =0 4
r”“a?:j [Q(X 6:;-,';} )
Consider the transformation

uy, =g (5)

Use of (5) in (4) provides the equation

© a2 0 @) 0Pgt?

ikl dwjdx; CijhtVk Oz ;0 - (6)
Thus if
2
() 9"
Cijhl Ox 0z, 0 (7)
2 1/2
(0) dg'
Cijkl dx ;0 (8)
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then (6) will be satisfied. Thus when g satisfies the system (8) the transformation given by (5)
transforms the linear system with variable coefficients (4) to the linear system with constant
coefficients (7).

Equation (7) comprises a system of three constant coefficients linear elliptic partial differential
equations in the three dependent variables uy for k = 1,2,3. A solution to this system may be
readily obtained in terms of arbitrary analytic functions.

As a result of the symmetry property c;ji = cpyj equation (8) consists of a system of six
constant coefficients partial differential equations in the one dependent variahle g!/2. In general
the solution to this system consists of a linear function of the three independent variables
21,22, r3. Thus in the general case g may be written in the form

g(x) = (am;)? (9)

where the a; are constants which may be used to fit the elastic parameters ¢;jn = cgﬁiig(x) to
given numerical data.

Although in the general case it is necessary for ¢ to be restricted to the form given by (9) it
is appropriate to note at this stage that for particular classes of deformations the tranformation
from (4) to (7) may be achieved for a more general class of functions g(x). Some of these cases
are now considered.

Now substitution of (3) and (5) into (2) yields

where
0) 691’(2
P = C—EJ'HT””J (11)

g jkia—nnj
The boundary integral equation for the solution of (7) may be written in the form
T?'Ai'im(xn) = _/ [(I)'im-P,‘[ﬂ;] - r.'.r'm'wi] ds (13)
an
Use of (5) and (10) in (13) vields
7191/2'*1-111 (Xﬂ) = = ./E}Q [(g_ I/Z(I)im}Pf - (gllzr.kru - P;E](I)'Eru}'u'k] ds
This equation provides a boundary integral equation for determining u,, and P, at all points

of Q0.
Also ¥y, and T';,, are given by

3 3
‘T’im - %SR {Z A'z'rerxk log(zrx - Crx)} dkm r::'m, = 2_];1_5R {Z Lt'jerxk(zrx — Cqu _1} njdkm

a=1
(14)
where R denotes the real part of a complex number, z, = xy + T2, and ¢, = a + 7,b, where
T are the three roots with positive imaginary part of the polynomial in

a=1

0) 0) 0) 0
|Cf(1k1 + c:{'leT + Cz{'u.-g"' + Cq{‘zx.-:e"'2| =0
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The A;, occuring in (14) are the solutions of the system
0} o) 0)
( 1+ Clat T + cilhaTa + '":zuTu) Apa =0

Also the Nug, Lij, and di,, are defined by

I § . JR— (0) — §
L= A . L. = & + T & A = L . N
fs:k :rerxk ijov ( ikl cx J,u) ko d; irm ’ 12ax rx& :erNmK dkm

al =1

where bar denotes the complex conjugate.

4. A further perturbation method

In this section a procedure is obtained when the coefficients ¢;p(x) is perturbed about its
expression presented in (3) while retaining the condition (8). Specifically the coefficient c; ;1;(x)
is supposed to have the form

it (%) = €0)19(%) + eci) (%) (15)

where the rfj’}\i are constants, € is a small parameter, '"LIQE is a differentiable function and g(x)
satisfies (8).
Substitution of (15) into (1) and use of the transformation (5) give

A0

ad ad
€k g [3” (g~ "% )} —f—[-m — (g7 )] (16)

;| TH Py

Use the analysis used to derive (7) from (4) for the left hand side and a simplification for the
right hand side of (16) yields

m} 8I Wi 641Jk . oB Y545k 8“& 62“')3:
=- A; ikl 17
kg oz, { ox; A+ =5, T )6;. ML . (17)
where .
Hg~1/2 iy
41_;3\(}() = (‘IJI.Q{ 81{ 1 B:JU(X) = ‘LQ;Q 1/2
A solution to equation (17) is sought in the form
o )
=Y ey (x) (18)
r=0
Substitution of (18) into (17) and equating coefficients of powers of ¢ yields
2,(0)
(o) 07y
L = 19
ijkt o -6'1‘; 0 (19)
2. r=1) 2, (r=1)
A0) oy Ak (r—1) 1 OB, OUy. B iy, .
— | kg A+ 29N g, 2 Tk 2
g om gz, Tt 5 D)= Bun g o (20)

forr=1,2,....
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The integral equations for (19) and (20) are respectively
ﬂwgﬂ) - = / [(I)i:mpf[w(m] - r‘:'m,w.“(n}:l ds (21)
a0
where Pt-[ﬂ'(m] = ct(j-n “”/8?{)71 ; and
e
T;'*.J,(,ri) = _/ [q)irupfh’ ] - rzm% :I d9+/ h( }q)im.dq (22)
a0

where Pi[ﬂ“" ] S‘}J -q;‘),{\_"}/ani}nj and h..f"} is the right hand side of (20) for r =1,2,....
The corresponding value of P may be written as

P = p[sf] (n)+a[¢([])]gl/2+§er'[ [9] (' +p[1v”)] 1/2 GI("}:I
r=1
where E[f] and Pt-['"b] are given by (11) and (12), and

) (g2

r)
C( Gt B, n; (23)

(0)

To satisfy the boundary conditions in Section 2 it is required that 4o, = g 12y, where uy,

takes on its specified value on 9€,. Also it is required that on 92 P['“’\m] =g V2P, +P[y (m}
where P takes on its specified value on 9§22, It then follows from (12) and (18) that (r} =0
on J¢; and P:-[““’ - _1/2(101-[3]"{_’ - G:{ }) on dy forr=1,2,....
The integral equations (21) and (22) may thus be written in the form
50 .
UUg:) (X-n) = = / [(I)im-Pfh’ ’ ] - (I‘.im.gl)(z)ui ds
am
- f {(Q_I/Z‘I)im)Pf - (I‘.kru - g_llzpj\E]q)iru)'w;{\-m] ds (24)
a0y
W (xg) = — cD,-mPT.W""’]fLe
an,
- / {_(g_ I/Q(Ijim)GT(r) - (rkrri - Q_I/QP}\E]‘I)UHJM T)] ds
a0
+/ h..gr)(I)T-mdS forr=1,2,... (25)
0

The boundary mtegl al equation (24) serves to determine the unknown q,r x) for x € 082
and the unknown PP” (x) for x € 982;. Once these boundary values are known equation (24)
serves to determine -:,.-‘me and its derivatives for all points in the domain 2.

Similarly the mteglal equation (25) serves to determine the unknown r,.,r( i (x) for x € 082

and the unknown PI-[TH (x) for x € 92 for r = 1,2, .... Once these boundary values are known

(r)

equation (25) serves to determine ¢; * and its derivatives for all points in the domain Q. At

each stage in using (25) to determine :,.)(’ and the C“'(r occuring in (25) may be obtained from

(23) which may be evaluated from the previously determined derivatives of 1{ 1,

Having determined the values of ':,.",rt-(r) for all r equations (18) and (5) then provide successively,
the values of ¢;(x) and w;(x).
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Figure 1. The geometry for the numerical examples

5. Numerical results

To show the usefulness of the formulas and the validity of the techniques derived in the previous
sections some particular plane strain problems, for which the displacements wq = wy (v, x2),
uy = uz(x1, x2) and uz = 0, of inhomogeneous anisotropic materials will be considered.

The constant BEM is used to find numerical solutions to the problems. The domain ) is
taken to be a unit square (see Figure 1). Each side of the boundary 99 is divided into N
segments of equal length and nodal points are taken to be the mid points of each segment.

To save the computation time and to increase the accuracy, the evaluation of the line integrals
of ®@;,,, Ty and its derivatives along a segment [qe_1, qx] joining the point gz_1 to the point qg
and excluding the singular points of ®;,,, and I';;, is done analytically by utilising the following
results,

qj _4(1 Bu
[ tog(za — cadds(x) = i | ~1 + log(Au + Ba) + 5 log(1+ )|
qQk—1

fo ‘4fl
ax Rk B{x
(zrx — Cy _ld“;(x = log(l +
fq Jdsx) =5 A,
a g _Rk Brx
qu 7 080 — ca)] ds(x) = =~ log(1 + 72)

/‘1* ﬂ log(za — ca)] ds(x) = —Ri7a log(1 + &)
q

k-1 b Br.t Ay

Ak
[ 5o )] dstx) = R [Aa(a+ B

Qi1 8(1.

4% 1 1
/c“_l % [(zrx - crx) ] ds (X) = Rk""u [‘4rx(44rx + Bu)]

where
ar = (ze,uk), T=x1, Y=2 Ry = |Qk - Qk—1|
Ao =121 —a+Talyr—1 — b) By = — w1 + 7alyr — vr-1)

The last four formulas are used for the calculation of the stress distribution in the domain
Q. Along a segment [qi—1, qx] which includes a singular point (ie. the nodal or mid point of a
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segment ) the evaluation of the integral of @;,,, is done by splitting the segment into two parts on
either side of the singular point and summing the values of integrals along both sub segments.
This then gives the following formula

q 1
[ tog(za — cadds(x) = Ri(~1+log 5 +log Ba)
k-1

Meanwhile the integral of I';,, is zero due to the fact that in this case the vectors x — xy and n
are perpendicular and therefore the normal derivative of ®;,,, (and so I';,,) is zero.

For the methods requiring domain integrals the domain  is discritised into N2 equal sub-
squares and the following analytical results are used for the evaluation of area integrals over a
particular sub square {(z1,22) 1 s < 2 < t,v < 1y < w}

t s
/ / log[x1 — a+ talzre — b)] dro dxy =
' 1 , 1 ,
¢ |—(v—="0b)(t—a)-— 5 —(—a) - 51'{1(1_! —b)*| +

g |(v—">b)(s —a)+ %ﬁ(s - a)' + %T“('L.‘ - ;‘3)2] +

1 . 1 .
g3 |—(w—=>b)(s —a)— (8 — a)z - Em(u; - IIJ)Z:I +

27,

g1 | (w—=Db)(t —a)+ %(n - a}z + %‘r{l[u; - b}z} -

3
E(t —s)(w —v)

[ f xplog ey — a+ (e — b)|dey day =
12 [!}‘1{2@-j —6ag + 6(a® — t2)gs — 2a° — 4t® 4 6at?}+
go{ 242 + 6ag? — 6(a® — s%)qs + 2a® + 45% — Gas?}+
g3{2q2 — 6ag? + 6(a® — s)gs — 2a° — 45 + 6as?}+
q1{—2g3 + 6ag? — 6(a® — t*)gs + 2a° + 4> — Gat®}+
Tagr{—4b+ 2(v+ w)} + g7 {—4da — T(s + t) }]

t pw
f / rolog (11 — a + 7a(xa — b)) drodry =

s

-1 ‘ . . .
1272 [q1{2ragg + 672 (02 — B)(t — a) + 67ab(t — a)? — 2(t — a)® }+

i — 21'2@‘5 — 67202 — b?)(s —a) — 67ab(s — a)® + 2(s — a)’}+
a{273q0 + 672 (w? — B)(s — a) + 67ab(s — a)? — 2(s — a)*}+
aa{-273q9 — 672 (w? — B*)(t — a) — 67,b(t — a)® + 2(t —a)®}+
Tagr{4b + T(v +w)} + gr{da — 2(s + ) }]

where

qr=logll —a+71a(v—=0)] ga=log[s—a+7a(v—0)] g3=Ilog[s—a+ ma(w-—">0)
g1 =log[t —a+1a(w—0)] q5=71a(v—0) gg=Ta(w—D>)
g7 = Talt — 8)(w—v) gz = b+ 208 — 30%h gy = b® + 2w® — 3w?h
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Table 1. Numerical and analytical results

Position BEM 12 segments BEM 40 segments Analytical

(z1,22)  w/m un/T /T a7 w/T us/u
(0.1,0.5) 0.0542  0.1477  0.0493  0.1486  0.0495 0.1485
(0.3,0.5) 0.1469  0.2450  0.1456  0.2428  0.1456 0.2427
(0.5,0.5) 0.2383  0.3333  0.2381  0.3333  0.2381 0.3333
(
(

0.7,0.5) 03261 04181  0.3271 04204  0.3271 0.4205
0.9,0.5) 04086  0.5047  0.4130 05043  0.4128 0.5046

5.1. A test problem for Section /
Consider the isotropic case for which the elastic moduli take the form (15) with A/z = A(®) 424,(0),
Bje=\9 Dje=A 42,0 and F/e = pu¥

e=01  g(x)=01+01z/0)*> AV =, O =905
A = (140,12 /1)? y =0

and the boundary conditions

w fu=5-=5/(1+01x/l) up/u=>5-49/(1+0.1x;/1) onAB

w1 /T = 0.4545 uo/T = 0.5454 on BC
w/u=5-5/(1+01x1/l) ws/u=5-49/(1+01x:/l) onCD
w fu=0 ug/u = 0.1 on AD

This problem admits the analytical solution uy /T = 5 —5/(1 4+ 0.1x1/1) and up /T =5 -4.9/(1 +

0.1z1/1).

An approximate solution is taken to be the sum of the first two terms of the series solution
(18). The so called regular method is used to avoid a singular point by locating the source
points outside the domain at the position of a distance as long as the length of the boundary
segment measured from the mid point of each boundary segment. It should be noted that n = 0
if xy ¢ €2. The area integral over a domain cell €; is approximated with

) ®imdS ~ 1 (x) f B dS
L] o]
where x is the centre point of €.

Table 1 compares the analytical and BEM results for some interior points. It is observed
that the accuracy improves as the number of segments increases. It also improves as we move
further from the boundary points to the centre point of the domain.

6. Summary

Some BEMs for the solution of certain classes of boundary value problems of elasticity for
anisotropic inhomogeneous media has been derived. The methods are generally easy to
implement to obtain numerical values for particular problems. They can be applied to a wide
class of important practical problems for inhomogeneous anisotropic materials. The numerical
results obtained using the methods indicate that they can provide accurate numerical solutions.
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